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In the present investigation we have studied a tangent hyperbolic fluid in a uniform inclined tube.
The governing equations are simplified using long wavelength and low Reynold number approxima-
tions. The solutions of the problem in simplified form are calculated with two methods namely (i) the
perturbation method and (ii) the homotopy analysis method. The comparison of the solutions show
a very good agreement between the two results. At the end of the article the expressions of the pres-
sure rise and the frictional force are calculated with the help of numerical integration. The graphical
results are presented to show the physical behaviour of Weissenberg number We, amplitude ratio ¢,

and tangent hyperbolic power law index n.
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1. Introduction

The study of non-Newtonians fluids have become
an increasing importance in the last few decades. This
is mainly due to its large number of applications in
many areas. Such applications are foodmixing and
chyme movement in the intestine, flow of plasma, flow
of blood, polymer fluids, colloidal suspension, liquid
crystals, animal blood exotic lubricants, and fluid con-
taining small additives. Another reason which has at-
tracted the attention of various researcher’s to dis-
cuss the non-Newtonian fluids is that an universal non-
Newton constitutive relation that can be used for all
fluids and flows is not available. Therefore, a number
of studies have been presented which deal with differ-
ent kinds of non-Newtonian fluid models using differ-
ent kinds of geometries [1 —6]. Peristaltic mechanism
is also a rich of research area which has attracted the
attention of researchers due to its wide range of appli-
cations in physiology and industry. After the first in-
vestigation done by Latham [7] a number of studies
dealing with different flow geometries have been dis-
cussed in peristaltic flow problem [8 —18].

In view of the above analysis the purpose of the
present investigation is multidimensional. The main
aim is to discuss the peristaltic flow of a tangent hy-
perbolic fluid model and the secondary purpose is to
find the series solutions of nonlinear equations of the
given problem with the help of the homotopy analy-

sis method and the perturbation method. The govern-
ing equations of the problem are first simplified and
then the reduced nonlinear equations are solved ana-
lytically. The expressions for the pressure rise and fric-
tional forces are calculated numerically. The highlights
of the problems are discussed through graphs.

2. Mathematical Model

For an incompressible fluid the balance of mass and
momentum are given by

divV =0, (1)

dv .
pa =divS + pf, 2)

where p is the density, V is the velocity vector, S is
the Cauchy stress tensor, f represents the specific body
force, and d/dr represents the material time derivative.
The constitutive equation for a hyperbolic tangent fluid
is given by [5]

S=—PI+t, 3)

7= [[Ne+ (100 + M) tanh(T'7)"] 7], “)

in which —PI is the spherical part of the stress due
to constraint of incompressibility, T is the extra stress
tensor, 7M. is the infinite shear rate viscosity, 1o is the
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zero shear rate viscosit_y, I is the time constant, » is the
power law index, and 7 is defined as

1 - = 1
5;;7;‘1'7]‘1‘ =1/ EH’ )

where IT = 1 tr(gradV + (gradV)")? is the second in-
variant strain tensor. We consider the constitution (4),
the case for which 1., = 0 and I'y < 1. The component
of extra stress tensor, therefore, can be written as

=
I

T=no[(C'Y)"]y=mol(1+T7—1)"y ©)
=no[l +n(I'y—1)]7.

3. Mathematical Formulation

Let us consider the peristaltic transport of an in-
compressible hyperbolic tangent fluid in a two dimen-
sional inclined tube. The flow is generated by sinu-
soidal wave trains propagating with constant speed ¢
along the channel walls. The geometry of the wall sur-
face is defined as
}_z:a—i-bsinzl—n(Z—ct_), (7)
where a is the radius of the tube, b is the wave ampli-
tude, A is the wavelength, ¢ is the propagation velocity,
and 7 is the time. We are considering the cylindrical co-
ordinate system (R, Z), in which the Z-axis lies along
the centerline of the tube and R is transverse to it (see
Fig. 1).

Fig. 1. Geometry of the problem.
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The governing equations in the fixed frame for an
incompressible flow are

oU U ow
R TRz =" (8)
==+ +Wi U=
p or OR 07 = o
N S SR |
oR Ra'( RR)+3Z( 7z)+ 7
+Ui+wi W=
P or oR 07 = o
a_P li RT 55 i To5) — o
32_%R3R( RZV*aZ(zz) pgsin

Introducing a wave frame (7,7) moving with velocity ¢
away from the fixed frame (R,Z) by the transforma-
tions

7=7—cf, F=R, (11)

w=W-c, a=U, (12)
where U,W and ii,w are the velocity components in
the radial and axial directions in the fixed and moving
coordinates, respectively.

The corresponding boundary conditions are

P
20, i=0 at F=0, (12a)
Jr
_ _ dh
W=—c,i=—Cc—

dz2 (12b)
-7 . 2l
at r:h:a—i—bsmT(z).
Defining
R R o z z
= — = — = — =
a7 a’ A{? Z A”

W:E7 W:K, T:ﬂ, U:A—U,
¢ ¢ cu ac
_ 25 —

D Ll P Y SN
ac cAu A A

h

Re:&, h=—- =1+ ¢sin2nz,
u a

a5 p_ M

,}/_C,}/’ _pgaza

where U is the viscosity of the fluid.
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Using the above non-dimensional quantities and the
resulting equations can be written as
du L adw
= + =0, 14
or 31 14

(15)

(16)

where

du
a b
S ()

T = —2[1 +n(Wey—1)]

7)

T, = —20[1 +n(Wey— 1)]aa—z,

du du , Ow ow\?]"/?
262 82+ =\ +282 ,

= [ <a> (81 3r>+ S
in which 8, Re, We represent the wave, Reynolds, and
Weissenberg numbers, respectively. Under the assump-
tions of long wavelength 6 < 1 and low Reynolds

number, neglecting the terms of order 6 and higher,
(12), (15), and (16) take the form

8_P+sina_
dz E
L2 () (e
ror " or
B_P
or
a—W:O, at r=0,

or (20)
w=—1, at r=h=1+4 ¢sin2nz.

(18)

=0, 19)

4. Solution of the Problem
4.1. Perturbation Solution
For perturbation solution, we expand w, F, and P as

w=wo+ Wew,; —|—0(Wez), 2D

889
F = Fy+ WeF, + O(We?), (22)
P = Py+WeP, +O(We?). (23)

Expressions for velocity profile and pressure gradient
satisfying the boundary conditions (20) can be written

as
_ 4 (r=mNor
"= 4(1-n)) 9z

+ We(ay (r* — 1)),

sina 2 — K2
E 4(1—-n) 24

dP —8E(1—n)(2F +h?) — i’sina

dz EN*
12
+ We (—?a”h) .

4.2. Homotopy Analysis Method (HAM) Solution

(25)

In this section, we have found the HAM solution
of (18) to (20). For that we choose

1+ r>—h*\ aP N
wo = — —

0 4(1-n)) 0z

as the initial guess. Further, the auxiliary linear opera-
tor for the problem is taken as

sino 2 — k2
E 4(1-n)

, (26)

1 8 (9W0
Lor(w) = ror (rW) ’ o
which satisfies
Lyyr(wo) = 0. (28)

From (18) to (20) we can define the following zeroth-
order deformation problems:

(1 =q)Lur[ W(r,q) —wo(r)] = ghwNur[W(r,q)], (29)
CALLGT) Sy S

or (30)
w(r,qg)=—1, at r=h.

In (29) and (30), 7,, denote the non-zero auxiliary pa-
rameter, ¢ € [0, 1] is the embedding parameter and

_ ’w  (1—n)dw
Nwr[w("ﬂ)]:(l_”)ﬁ‘f'  or
) (€1))
+n_We 8_w W *wow dP
r or e ar S dz’
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Obviously,
ow(r,0
% =wo, W(r1)=w(r), (32)
-

when g varies from 0 to 1, then W(r, g) varies from ini-
tial guess to the solution w(r). Expanding w(r,q) in
Taylor series with respect to an embedding parame-
ter g, we have

w(rng) =wo(r)+ Y, wi(r)q", (33)
n=1
Wi = L M . (34)
m!  dg™ 4=0

Differentiating the zeroth-order deformation m-times
with respect to ¢ and then dividing by m! and finally
setting g = 0, we get the following mth-order deforma-
tion problem:

Ly [Win(r) = XmWim—1(r)] = Ry (1), (35)
where
1
Rwr:(l—l’l) Win— 1+ (1 )W:nfl
nWe "= 1
— X W1 W (36)
i=0
m—1
dpP
+2nWeZwm 1— ka e — (1= Xm)-
0, m<1, 37)
X = 1, m>1.

The solution of the above equation with the help of
Mathematica can be calculated and presented as fol-
lows:

Wi (r) = lim

a
M—c0 |: Z m,0
2M  2m+1—

SE(E L )]

0 k
where a,, ; and a,,, , are constants.

5. Graphical Results and Discussion

In this section the pressure rise, frictional forces,
and axial pressure gradient are discussed carefully and
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Fig. 2. h-curve for the velocity field.
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Fig. 3. Comparison of velocity field for We = 0.1, o = 0.1,
¢=0.3,2z=0.1,dP/dz=0.8,n =04, E=15,and h = —1.

shown graphically (see Figs. 4 to 15). The pressure
rise is calculated numerically by using Mathematica.
Figures 4 to 7 show the pressure rise AP against the
volume flow rate ® for different values of angle of
inclination o, Weissenberg number We, amplitude ra-
tio ¢, and tangent hyperbolic power law index n. These
figures indicate that the relation between pressure rise
and volume flow rate are inversely proportional to each
other. It is observed from Figure 4 that with the in-
crease in «, pressure rise increases. It is analyzed
that through Figures 5 and 6 that with an increase
in n and We, pressure rise increases for 0 < @ < 0.3,
while decreases for 0.31 < ® < 1. Figure 7 show that
with an increase in ¢ the pressure rise decreases for
0 < ® < 0.5 while increases for 0.51 < ® < 1. Peri-
staltic pumping occurs in the region 0 < ® < 0.3 for
Figures 5 and 6, 0 < ® < 0.5 for Figure 7, otherwise
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Fig. 4. Pressure rise versus flow rate for We = 0.1, n = 0.02,
¢ =0.01,and E =0.2.
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Fig. 7. Pressure rise versus flow rate for n = 0.05, o« = 7/2,
We=0.2,and E = 1.
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Fig. 5. Pressure rise versus flow rate for We = 0.2, @ = /2,
¢ =0.05,and E = 1.
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Fig. 8. Frictional force versus flow rate for We = 0.1, n =
0.02, ¢ =0.01, and E =0.2.
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Fig. 6. Pressure rise versus flow rate for n = 0.05, @ = /2,

¢ =0.05,and E = 1. 7/2, ¢ =0.05,
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Fig. 9. Frictional forces versus flow rate for We = 0.2, a =
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Fig. 10. Frictional forces versus flow rate for n = 0.05, a =
/2, ¢ =0.05,and E = 1.
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Fig. 11. Frictional forces versus flow rate for n = 0.05, o
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Fig. 12. Pressure gradient versus z for ¢ = 0.01, n = 0.04,
We=0.1,E=0.3,and ©@ = —4.
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Fig. 13. Pressure gradient versus z for ¢ = 0.05, @ = /2,
We=0.2,E =0.3,and ® = —4.
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Fig. 14. Pressure gradient versus z for ¢ = 0.05, @ = /2,
n=02E=0.3,and ® = —4.
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Fig. 15. Pressure gradient versus z for n = 0.05, a = /2,
We=0.2,E=1,and ® = —4.
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Fig. 16. Shear stress versus z forn=0.05, ¢« = /2, ¢ =0.2,  Fig. 17. Shear stress versus z for n = 0.05, We = 0.2, ¢ = 0.2,
E=1,and ® = —4. E=1,0=—4,and x =7/2.
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Fig. 18. Streamlines for different values of @; (a) ® = 0.1; (b) ® = 0.2. The other parameters are We = 0.1, ¢ = 0.1, and
n=0.02.
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Fig. 19. Streamlines for different values of n; (¢c) n = 0.1; (d) n = 0.2. The other parameters are We = 0.1, ¢ = 0.1, and
®=0.5.
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Fig. 20. Streamlines for different values of ¢; (e) ¢ = 0.1; (f) ¢ = 0.2. The other parameters are We = 0.1, n = 0.1, and

0 =0.5.
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Fig. 21. Streamlines for different values of We; (g) We = 0.1; (h) We = 0.2. The other parameters are ¢ = 0.1, n = 0.1, and

0 =025.

augmented pumping occurs. Figures 8 to 11 describe
the variation of frictional forces. It is seen that fric-
tional forces have opposite behaviour as compared
with the pressure rise. Figures 12 to 15 are prepared
to see the behaviour of the pressure gradient for dif-
ferent parameters. It is observed that for z € [0,0.5]
and [1.1,1.5] the pressure gradient is small, while the
pressure gradient is large in the interval z € [0.51,1].
Moreover, it is seen that an increase in o, n, and We
causes the decrease in the pressure gradient, while the
pressure gradient increases with the increase in ¢. Fig-
ures 16 and 17 are prepared to see the variation of
the shear stress for different values of @ and We. It
is observed that with an increase in o and We, the
shear stress increases. Figure 18 illustrates the stream-

line graphs for different values of the time mean flow
rate ©. It is observed that when we increase © the size
of trapped bolus increases. Figure 19 shows the stream-
lines for different values of (power law index) n. It is
analyzed that with the increase in n size and number
of trapping bolus decreases. Figure 20 illustrates the
streamline graphs for different values of ¢. It is ob-
served that with the increase in ¢ the trapped bolus in-
creases. The streamlines for different values of We are
shown in Figure 21. It is evident from the figure that the
size of the trapped bolus increases by increasing We.
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